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ABSTRACT 

This paper investigates the performance of inerter–based (rotational inertia) tuned mass dampers (TMDs) for passive 

control of single degree of freedom structures (SDOF) subjected to seismic excitation. Inerter-based tuned mass 

dampers have been recently developed and have shown promise at providing more effective passive control potential 

in comparison to traditional TMDs. By utilizing the conversion of linear motion to the localized rotational motion of 

a flywheel, the inerter provides a high level of “mass amplification”. Optimum design and performance evaluation of 

different types of inerter-based devices for structures subjected to harmonic or random loading has been studied 

previously. However, optimum design has not been investigated considering seismic excitation. In this study, two 

configurations of inerter-based TMDs attached to a SDOF system are optimally designed to provide the minimum 

response variance. In this optimization, the devices’ stiffness, damping, and rotational mass are considered. Utilizing 

the optimal values, the performance is investigated of two device configurations at reducing the variance of a 

structure’s response when the structure is subjected to seismic excitation. The results of this study show that utilizing 

the optimum inerter-based dampers can result in an improvement in the variance of the seismic response in comparison 

to the TMD. 
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1. INTRODUCTION Equation Section (Next) 
 

Tuned mass dampers (TMDs) have been proposed, investigated, and implemented to mitigate the vibration of 

structures [1,2]. Traditional TMDs consists of a secondary mass attached to primary mass through a spring and viscous 

damper. It has been shown that TMDs can be effective for the reduction of the maximum displacement and the 

displacement RMS of a primary SDOF structure when optimum TMD stiffness and damping are selected [2–4]. 

Considerable studies have been done to provide optimum design procedures of TMDs considering a range of different 

design criteria for random and harmonic excitations [2–8].  

 

In addition to studies focused on random and harmonic excitations, the performance evaluation and applicability of 

TMDs for passively controlling structures subjected seismic excitation has been studied considerably. Based on these 

studies, it was found that typical TMDs which have been optimized for harmonic and random excitations are generally 

not beneficial for the reduction of the maximum lateral displacement of tall buildings under seismic ground excitation 

[9,10]. In contrast with this conclusion, it was shown that heavily damped TMDs can increase the damping of the 

building it is connected to and reduce a structure’s maximum displacement in response to the seismic excitation [11]. 

It has also been demonstrated that TMDs utilizing large secondary mass [12] can be effective for the reduction of the 

maximum displacement of a primary structure. 

  

While it has been demonstrated that TMDs can be more effective by utilizing a high secondary to primary structure 

mass ratio [12], increasing the mass of the TMD is usually very expensive. The inerter [13], which converts the linear 

motion to the rotational motion of a flywheel, can provide large effective inertia mass using small physical mass. 
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Utilizing an inerter, the rotational inertia viscous damper (RIVD) has been proposed and studied for the control of a 

SDOF structure [14]. The RIVD consists of rotational cylinder mass, which is driven through a ball-screw mechanism 

and rotates in a larger cylinder containing viscous fluid. With the addition of a  tuning support spring and flywheel to 

the RIVD, the tuned viscous mass damper (TVMD) has been proposed and studied through shake table tests of a SDOF 

structure equipped with a TVMD [15]. The TVMD has also shown promising performance for use in the control of 

MDOF structures subjected to seismic excitation [16]. The performance evaluation and design procedure for different 

types of inerter-based tuned mass dampers when the primary structure is subjected to random or harmonic load can be 

found in [17].  

 

By replacing the viscous mass damper in TMDs with an inerter parallel to a damper and attached in series to a tuning 

spring, the rotational inertia double tuned mass damper (RIDTMD) has been proposed [18].  The RIDTMD has shown 

superior performance, in comparison to the TMD, in the reduction of the maximum amplitude of a primary SDOF 

structure subjected to harmonic force excitation [18].  Alternatively, by attaching an inerter between a fixed support 

and the secondary mass in a TMD, the tuned mass damper inerter (TMDI) has been proposed and designed optimally 

for the random base excitation [19]. The performance assessment of TMDIs under white noise excitation has been 

investigated and shows the superiority of the TMDI in comparison to TMDs. Despite these studies of the RIDTMD 

and TMDI, optimum design and performance evaluation considering seismic excitation has not been studied yet. 

 

In this paper, after presenting TMDI and RIDTMD models in the first section, the optimum design procedures for the 

TMDI and RIDTMD, when attached to a primary SDOF structure subjected to seismic excitation, is proposed and 

presented in the second section. Unlike previous optimization studies, which have considered white noise excitation, 

the frequency content of the seismic load is taken into account in this study. In the last sections, the effectiveness of 

both devices and the influence of the inertial mass in the response of SDOF structures under seismic excitation is 

investigated. 

 

2. INERTER-BASED TUNED MASS DAMPERS Equation Section (Next)
  

The inerter is the crucial part of inerter-based tuned mass dampers. In the literature, the inerter is defined as a 

“mechanical two-terminal devices which produce an equal and opposite force proportional to the relative acceleration 

between the nodes (terminals)” [13]. According to this definition, the following equation represent the inerter model: 

 

                                                                               
1 2( )F b u u                                                                         (2.1) 

 

In this equation, F  is the force acting end nodes, 1u  and 2u  are acceleration of the mechanism’s end nodes, and b  

is the inerter mass coefficient, which known as inertance. In the rotational inertia damper context, there are two 

different mechanism which have been primarily considered to physically produce this model of an inerter. These 

mechanisms are the ball screw mechanism and the rack and pinion mechanism, which have been used in the literature 

to represent the inerter for different rotational inertia devices [14,15,18].  Schematics of these mechanisms are 

presented in Fig.2.1.  

 

 
 

Figure 2.1: Schematic representation of mechanisms transferring translation motion of two terminals to rotation (a) Ball-Screw 

mechanism (b) Rack and Pinion mechanism  
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2.1. Tuned mass damper inerter (TMDI) 
 

As mentioned before, the TMD consist of a secondary mass connected to primary structure through a damper and 

spring (Fig.2.2). With the addition of an inerter between the secondary mass and a fixed support, the tuned mass damper 

inerter (TMDI) (Fig.2.3) has recently been proposed and investigated when subjected to white noise base excitation 

[19].  In high-rise structures, one way to approximate the fixed support the inerter is attached to is to couple the inerter 

between the physical mass of the TMDI and an outrigger system. 

 
 

 
 

Figure 2.2 Traditional tuned mass damper (TMD) Figure 2.3 Tuned mass damper–inerter (TMDI)  

 

The equation of motion of a SDOF structure under base excitation with a TMDI attached can be express in the 

following form: 

 

 

)2.2(                               
1 1 1 1

1 1 1 1 1 1 1 1 1

0

0

s s s s s s s

g

m x c c c x k k k x m
x

m b x c c x k k x m

                
              

               
  

 

 

where 
sm  is the mass of the main structure, 

1m  is the secondary mass, b  is the inertance (inerter equivalent mass), 

sc  is the main structure damping coefficient, 
1c  is the secondary damping coefficient, 

sk  is the main structure 

stiffness coefficient, 
1k  is the secondary system stiffness coefficient, and 

gx  is the support excitation expressed in 

terms of acceleration. Note that the modification of the TMD in this case does not add a degree of freedom to the 

system. 

 

2.2. Rotational inertial doubled tuned mass damper (RIDTMD) 
 

The RIDTMD(Fig.2.4) is a rotational inertia damper which was developed by replacing the viscous mass damper in 

the TMD with an inerter parallel to a damper and attached in series to a tuning spring [18]. 

 

 
 

Figure 2.4 Rotational inertial double tuned mass damper (RIDTMD) 
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The equation of motion of a SDOF structure under base excitation with a RIDTMD attached can be express in the 

following matrix form: 

 

)3.2(                 

1 2 1 2

1 1 1 1 1 1 1 1 1

2 1 1 2 2 2 2

0 0 0 0

0 0 0

0 0 0 0

s s s s s s s

g

m x c x k k k k k x m

m b b x c c x k k x m x

b b x c c x k k x

                
            

                  
                           

  

 

where 
sm  is the mass of the main structure mass, 

1m  is the secondary mass, b  is the inertance (inerter equivalent 

mass), 
sc  is the main structure damping coefficient, 

1c  is the secondary system damping coefficient, 
sk  is the main 

structure stiffness coefficient, 
1k  is the secondary stiffness coefficient, 

2k  is tuning stiffness coefficient, and 
gx  is 

the support excitation. Note that the modifications to the TMD in this case adds an additional degree of freedom to the 

system. 

 

 

3. OPTIMUM DESIGN Equation Section (Next) 
 

There are two main criteria for optimizing the TMDs and inerter-based TMDs in the literature. In the case of the 

harmonic load excitation, it is more common to optimize the device’s parameters with the aim of minimizing the 

maximum displacement of the primary structure [4]. For random excitation, it is more common to obtained optimum 

values based on minimizing  the variance of the main structure response [4,6]. In the case of seismic excitation, 

optimum design values considering white noise excitation can be used to minimize the RMS of the primary structure.  

However, in practice, seismic excitation is not like white noise and specific characteristics, such as the likely frequency 

content, should be taken into account. In this context, modeling of the ground motion frequency domain characteristics 

utilizing Kanai-Tajimi model has been done in conjunction with the determination of the optimum design values for 

TMD [20].  

 

Consider ( )H   as the generic transfer function of the system in the frequency domain given a ground motion input 

and with the primary mass’s absolute displacement as the output. The objective function for the H2 optimization 

problem can be write as: 

 

 Minimize  
21

( ) ( )
2

J H S d





   
 

                                                              (3.1) 

Subject to 1 1[ , ]k c  for TMDI and 1 2 1[ , , ]k k c  for RIDTMD 

 

In this equation, ( )S   denotes the spectral density of the ground excitation, which can be modeled with the Kanai-

Tajimi spectrum as the following: 

 
4 2 2 2

2 2 2 2 2 2

4
( )

( ) 4

g g g

g g g

S
   


    




 
                                                      (3.2) 

 

Where 
g  and 

g  are the characteristic ground frequency and damping ratio, which are selected as following [20]: 

g   =12 rad/sec and 
g =0.6, based on the 1940 El Centro earthquake, north-south component  

g   =12 rad/sec and 
g =0.3, based on the 1995 Kobe earthquake, north-south component  

The Kanai–Tajimi spectra of derived from these ground motions are shown graphically in Fig.3.1 

 

http://sstl.cee.illinois.edu/3hifee/


5 

3rd Huixian International Forum on Earthquake Engineering for Young Researchers 

August 11-12, 2017, University of Illinois, Urbana-Champaign, United States 

 

 
 

Figure 3.1 Kanai-Tajimi spectra based on ground motions 

 

In order to consider the maximum effect of these ground motion spectra, a SDOF undamped system with the frequency 

equal to 12 rad/sec, the peak frequency of the ground motion spectra, is considered as the primary system.  For both 

TMDI and RIDTMD, optimum parameters are obtained for main mass ratio ( 2
1

1

m
m

  ) equal to 1% and 5% via 

numerical optimization of Eq (3.1). For each main mass ratio, the secondary mass ratio ( 2
2

b
m

  ) is incrementally 

changed from 0.05% to 100% (step equal to 0.05%). Similarly, for the TMD, the optimum parameters were obtained 

for different main ratios ( 2
1

1

m
m

  ). In order to evaluate the performance of the optimized TMDI and RIDTMD in 

comparison to the optimized TMD, the following index was utilized: 

 

                                      
2

2( / )

2( )

TMDI RIDTMD

H

TMD

H
R

H
                                                                             (3.3) 

 

In this index, 2H  represent the H2 norm of the system. The 
2HR  index was calculated for both system when the main 

mass was 1% and 5% and with secondary mass ratios ranging from 0.05% to 100%.  

 

Considering the El Centro ground motion spectrum, the effect of these mass ratios on 
2HR  for both systems is presented 

in Fig.3.2. It was found for the TMDI, that the 
2HR  decreases with increases in the secondary mass ratio (inertia mass).  

In other words, over the range of values considered, the performance of TMDI in the reduction of the H2 norm is 

always improved by increasing the secondary mass ratio. However, in the case of RIDTMD, the 
2HR  starts decreasing 

with increases in the secondary mass ratio then increases with further increases in the secondary mass ratio. For 

example, in the case of 5% main mass ratio, a 10% secondary mass ratio provides minimum 
2HR  and changes in the 

secondary mass ratio, both increases or decreases, lead to decreasing effectiveness of the RIDTMD in the reduction of 

the H2 norm.   

 

Fig.3.3 shows the effect of these mass ratios on 
2HR  from both systems considering the Kobe ground motion spectrum. 

The same trend is observed for both devices,  
2HR  reduces continuously for TMDI with increases in the secondary 

mass. However, in the case of the RIDTMD, 
2HR  decreases for small range of secondary mass ratios (

2 [0.05% 5%]    for 1% , 2 [0.05% 10%]    for 5% main mass ratio) then increases.  
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Figure 3.2 H2 Performance of RIDTMD and TMDI  

(El Centro Ground Motion Spectrum) 

Figure 3.3 H2 Performance of RIDTMD and TMDI 

(Kobe Ground Motion Spectrum)) 

 

 

4. TIME HISTORY RESPONSE Equation Section (Next) 
 

For the time history analysis, the two earthquakes used for optimization, the 1940 El Centro earthquake, north-south 

component (Fig.4.1) and the 1995 Kobe earthquake, north-south component (Fig.4.2), are used to examine the 

performance of both dampers when the main mass ratio is equal to 1%.   

 

 
 

 
 

Figure 4.1 Ground acceleration (El Centro NS 1940 ) Figure 4.2 Ground acceleration (Kobe NS 1995) 

 

In this section, a SDOF system with a TMD, TMDI, or RIDTM is considered. The optimum design values for each 

device are obtained from Eq. (3.1) with the Kanai–Tajimi spectra of derived from these ground motions considered as 

an input.  Fig.4.3 show the time history response of the main structure with 100% of secondary mass ratio subjected 

to the El Centro ground motion. It can be found from the result that TMDI exhibits significantly superior performance, 

in comparison to the TMD and RIDTMD, in the reduction of the maximum displacement and the displacement RMS.  

 

Fig.4.4 shows the time history response of the main structure with 100% of secondary mass ratio subjected to the Kobe 

ground motion. It can be found from the results that the TMDI once again shows superior performance in the reduction 

of maximum displacement and displacement RMS. 
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Figure 4.3  El Centro earthquake response, secondary 

mass ratio 100% 

Figure 4.4 Kobe earthquake response, secondary mass 

ratio 100% 

 

In contrast, when the secondary mass ratio is equal to 5%, the RIDTMD shows modest increase in performance in 

comparison to the TMDI and TMD (Fig.4.5 and Fig.4.6).  

 

 
 

 
 

Figure 4.5 El Centro earthquake response, secondary 

mass ratio 5% 

Figure 4.6 Kobe earthquake response, secondary mass 

ratio 5% 

The quantify this, the following indices are introduced: RIDTMD
R

TMD

RMS
R

RMS
  and TMDI

T

TMD

RMS
R

RMS
 .  With these indices, the 

performance of TMDI and RIDTMD, in comparison to the TMD for the time history analyses shown, is presented in 

Table 4-1. From this table, it is found that the best TMDI performance is significantly better than RIDTMD in reduction 

of RMS (23%).  While best performance of the RIDTMD only reduces the RMS by 5%, this is still the best performance 

of either the TMDI or RIDTMD when a 5% secondary mass ratio is used.  

 

Table 4-1 Performance of TMDI and RIDTMD in reduction of  RMS 

 

1 2( 1%, 5%)    

Kobe  

1 2( 1%, 100%)    

Kobe 

1 2( 1%, 5%)     

El-Centro  

1 2( 1%, 100%)     

El-Centro 

TR   0.9816 0.7766 0.9792 0.7781 

RR   0.9805 0.982 0.9494 0.982 

 

 

5. CONCLUSIONS Equation Section (Next) 
 

In this work, the seismic performance of two recently developed rotational inertia dampers, the tuned mass damper 

inerter (TMDI) and the rotational inertia double tuned mass damper (RIDTMD), are studied. H2 optimum design 

values of the parameters of the TMDI and RIDTMD were obtained via numerical optimization with consideration of 

the frequency content of the considered seismic ground motions. Utilizing the parameters obtained from the 

optimization, the performance of both devices was evaluated in the time and frequency domain with the results 

demonstrating the following points: 

 Increasing the secondary mass ratio (inertial mass) of the TMDI always increases the performance in reduction of 

H2 norm of the main structure for the excitation spectra considered and over the range of mass ratios considered. 
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 Increasing the secondary mass ratio (inertia mass) of the RIDTMD does not necessarily increase the performance 

in reduction of H2 norm of the main structure.  The performance increases and then decreases with increased 

secondary mass; therefore, there is an optimum secondary mass ratio for arbitrary main mass ratio that provides 

best performance.  

 The results shows that if it is possible to use high inertial mass, the TMDI is the better option for controlling the 

seismic response in comparison to the RIDTMD. However, if the TMDI cannot be implemented or only a small 

secondary mass ratio is possible, the RIDTMD can be implemented for a modest increase in performance in 

comparison to the TMD. 

 The time history results supports the conclusions of the frequency domain analysis.  
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